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Braiding a novel kind of Majorana-like quasiparticles in nanowire quantum dots
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For an electrically driven electron confined in a nanowire quantum dot with spin-orbit coupling
(SOC), we find a SOC-magnetism phase-locked condition under which we derive a complete set of
Schro¨dinger kitten states which contains some novel degenerate ground states with oscillating wave
packets or stationary double packets in undriven case. We identify such wave packets as Majorana-
like quasiparticles and demonstrate that they obey non-Abelian statistics and behave similarly
to neutral particles. The braiding operations based on the interchanges of the degenerate non-
Abelian quasiparticles are shown, which shift the system between different ground states and may
be insensitive to perturbations and weak noise from the environment. The results could be tested
experimentally in the existing setups and could be treated as the leading-order results to directly
extended to an array of weakly coupled single-electron quantum dots for encoding topological qubits.
PACS numbers: 73.22.Dj; 73.21.La; 71.70.Ej; 03.65.Vf
I. INTRODUCTION
The spin-orbit coupling (SOC) describes interaction
between the motion of an electron and its spin. For a
single electron, the SOC can hybridize spin-up and spin-
down states form a spin-orbit qubit [1–6]. The orbital
part of the spin-orbit wavefunction which is similar to the
spin-orbit entangled states in different systems [7–9] can
be used for qubit manipulation. Coherent manipulation
of electron spin is one of the central problems of spin-
tronics [10–12] and is of critical importance for quantum
computing and information processing with spins [12].
An interesting proposal [12] suggested that the spin of an
electron confined to a quantum dot can be used as a ba-
sic qubit to store and process quantum information, and
the results were extended to an array of quantum dots
which was operated by a set of quantum gates that act
on single spins and pairs of neighboring spins. The pre-
vious investigation has paved the way for manipulating
electron spins in quantum dots individually [13, 14]. Re-
cently, the search for non-Abelian quasiparticles in semi-
conducting nanowire and quantum dot with strong SOC
has been a focus of theoretical and experimental efforts
[4, 15–21], motivated by their potential utility for fault
tolerant topological quantum computation [22–29].
A Majorana particle being in ground states [20, 27,
30, 31] is an electrically neutral non-Abelian anyon
[22, 24, 32, 33] identical to its own antiparticle. In-
terchanging the Majorana particles changes the state of
the system in a way that depends only on the order in
which the exchange was performed, which is the base
of braiding operations for topological quantum compu-
tation [22]. Although no sightings of a Majorana parti-
cle have been reported in the elementary particle world,
∗Electronic address: ron.khai@gmail.com; whhai2005@aliyun.com
its existence has been demonstrated as particle-like ex-
citations called quasiparticles and can be used to form
the Majorana bound states in condensed matter physics.
There are some candidate sources of the Majorana quasi-
particles such as the fractional 5/2 quantum Hall state
[24] carries one-quarter of an electron charge, the semi-
conductor nanowires in contact with a superconductor
[4, 5, 34], Shockley states at the end points of super-
conducting wires or line defects [27], the quantum vor-
tex in certain two-dimensional superconductors or super-
fluids [35] and the spin-polarized resonant level in the
vicinity of the quantum critical point [36]. It has also
been demonstrated theoretically [37, 38] and experimen-
tally [4, 39, 40] that the elusive Majorana particles can
be detected in some one-dimensional (1D) systems, in-
cluding the semiconducting nanowire quantum dot with
strong SOC and large g factor [4, 19], and in proxim-
ity to a superconductor. The non-Abelian statistics of
Majorana bound states and their controllable entangle-
ment allow them to be used in carrying out topological
quantum computation [23, 25, 27]. High g factors and
strong SOC, and the ability to induce superconductivity
put forward InSb nanowires as a natural platform for the
realization of 1D topological states [5]. The key braiding
operation of non-Abelian anyons has been implemented
by using 1D semiconducting wire networks by adjusting
gate voltages [41]. The search for Majorana fermions in
1D conductors is focused on finding the best material in
terms of a strong spin-orbit interaction and large Lande
g factors [5]. One of the current main objectives may be
the investigation of novel models for finding non-Abelian
quasiparticles [42, 43].
Mathematically, a partially differential system allows
a general solution with arbitrary functions and a com-
plete solution with arbitrary constants. These arbitrary
functions and constants are adjusted and determined by
the initial and boundary conditions. The general solution
can describe all properties of the system and the complete
2solution can also describe more physics than any partic-
ular solution can. In the previous work, we derived a set
of generalized coherent states for a trapped ion system
[44, 45], which just is a set of complete solutions describ-
ing a complete set of Schro¨dinger kitten (or cat) states.
As pointed out in Ref. [46], “a Schro¨dinger kitten (cat)
state is usually defined as a quantum superposition of
coherent states with small (big) amplitudes. The ampli-
tude of the coherent states can be amplified to transform
the Schroo¨dinger kittens into bigger Schro¨dinger cats,
providing an essential tool for quantum information pro-
cessing.” For an ion system the similar spin-motion en-
tangled states have been experimentally prepared as the
Schro¨dinger’s cat state with two macroscopically sepa-
rated wave packets [8, 47]. Spin-orbit qubit for an elec-
tron system in a semiconductor nanowire has also been
investigated, by using SOC which provides a way to con-
trol spins electrically [2, 13, 14]. Here we are interested in
how the wave packets described by the generalized coher-
ent states replace the vortices [22, 35] as the Majorana-
like quasiparticles. Such quasiparticles behave as elec-
troneutrality without Coulomb interaction between them
and their interchange in one spatial dimension becomes
possible with one wavepacket going through another.
In this paper, we consider a spin-orbit coupled and
electrically driven electron confined in a nanowire quan-
tum dot. We find that when the orientation of the static
magnetic field and SOC-dependent phase fits a SOC-
magnetism phase-locked condition, the system has a set
of complete solutions of Schro¨dinger equation with arbi-
trary constants adjusted by the initial conditions, which
describes a complete set of Schro¨dinger kitten states and
contains some degenerate ground states with novel oscil-
lating wave packets. For the undriven case and in the
magnetic resonance case, stationary double packets of
degenerate ground states are constructed. The degener-
acy is not based on simple symmetry consideration and
is topological thereby. We identify such wave packets as
Majorana-like quasiparticles and demonstrate that they
obey non-Abelian statistics and behave as electroneu-
trality without Coulomb interaction between them. The
braiding operations based on the interchanges of the de-
generate non-Abelian quasiparticles with one wavepacket
going through another are shown, which shift the system
between different ground states and may be insensitive
to perturbations and noise from the environment. Based
on the exact solutions, the results could be tested ex-
perimentally in the existing setups and could be directly
extended to an array of electrons separated from each
other by different 2D quantum dots with weak neighbor-
ing coupling [12] for topological quantum computation.
II. A COMPLETE SET OF MAJORANA-LIKE
DEGENERATE GROUND STATES
We consider a gated nanowire quantum dot with
Rashba-Dresselhaus coexisted SOC, where a single elec-
tron is confined in a 1D harmonic well controlled by the
gate voltages on the static electric gates, and subject to
an arbitrarily strong static magnetic field [48, 49] and
an arbitrarily strong ac electric field. The Hamiltonian
governing the system reads [6]
H = H0 + αDσxp + αRσyp + 1
2
g0σn
H0 = −1
2
∂2
∂x2
+ 1
2
x2 + ǫx cos(Ωt),
g0 = geµBB, σn = σx cosθ + σy sin θ, (1)
where we have adopted the natural unit system with h̵ =
me = ω = 1 so that time, space and energy are in units of
ω−1, Lh =
√
h̵/(meω) and h̵ω. Here me is the effective
electron mass, ω denotes the trapped frequency, αR(D) is
the Rashba (Dresselhaus) SOC strength, σx(y) is the x(y)
component of Pauli matrix, ge denotes the gyromagnetic
ratio [50], µB is the Bohr magneton, B and θ represent
the strength and orientation of the static magnetic field,
and ǫ and Ω are the amplitude and frequency of the ac
electric field. Applying the usual state vector ∣ψ(t)⟩ =
1√
2
[∣ψ+(t)⟩∣ ↑⟩ + ∣ψ−(t)⟩∣ ↓⟩], the space-dependent state
vector is defined as
∣ψ(x, t)⟩ = ⟨x∣ψ(t)⟩ = 1√
2
[ψ+(x, t)∣ ↑⟩ +ψ−(x, t)∣ ↓⟩] (2)
with ψ±(x, t) = ⟨x∣ψ±(t)⟩ being the normalized motional
states entangling the corresponding spin states ∣ ↑⟩ =
( 1
0
) and ∣ ↓⟩ = ( 0
1
), respectively, where ∣ψ±(t)⟩ may
be expanded in terms of a set of orthonormal basic kets
with time-dependent expansion coefficients [7]. However,
here we will seek the exact complete solutions. Therefore,
the spin-orbit entanglement of Eq. (2) requires the lin-
ear independencies [45, 51] of ψ+(x, t) and ψ−(x, t). The
probabilities of the particle being in spin states ∣ ↑⟩ and∣ ↓⟩ are P±(t) = 12 ∫ ∣ψ±(x, t)∣2dx. The maximal spin-orbit
entanglement can be associated with [45] P+ = P− = 12 .
Applying Eqs. (1) and (2) to the Schro¨dinger quation
i
∂∣ψ(x,t)⟩
∂t
=H ∣ψ(x, t)⟩ yields the matrix equation
i
∂
∂t
( ψ+
ψ−
) =H0 ( ψ+ψ− ) − iα ∂∂x ( e
−iφψ−
eiφψ+
) + 1
2
g0 ( e−iθψ−
eiθψ+
) for α =√α2D + α2R, φ = arctan αRαD , (3)
3where we have taken the definitions of the SOC strength and SOC-dependent phase as [6] α and φ for the Rashba-
Dresselhaus SOC coexistence system. Making the function transformations
ψ±(x, t) = ψ±,l(x, t) = e∓iφ/2[u(x, t)e−i(αx+lπ/2) ± v(x, t)ei(αx+lπ/2)] for l = 0,1, ..., (4)
and inserting it into Eq. (3), then multiplying the first line of the matrix equation by ei(φ/2+αx+lπ/2) and multiplying
the second line of the equation by e−i(φ/2+αx+lπ/2), we obtain
i
∂
∂t
( u
v
) = (H0 − α2
2
)( u
v
) + 1
2
g0 ( e−i(θ−φ)[u − vei(2αx+lπ)] + ei(θ−φ)[u + vei(2αx+lπ)]
e−i(θ−φ)[ue−i(2αx+lπ) − v] − ei(θ−φ)[ue−i(2αx+lπ) + v] ) . (5)
For an arbitrary angle θ, the final term of Eq. (5) can-
not be decoupled, so it is hard to construct an exact
solution of the system. The corresponding perturbed
solution has been considered in Ref. [6] that leads to
some interesting results. The sensitivity of exact solu-
tion to the magnitude and direction of applied magnetic
fields is in good agreement with experimental observa-
tion [4] and matches theoretical expectation for the states
associated with Majorana quasiparticles [33]. Here we
are interested in the SOC-magnetism phase-locked
case θ = φ = arctan αR
αD
→ φ0 + jπ for j = 0,1,2, ... and
φ0 ∈ [0, π2 ], which can be realized experimentally for any
fixed SOC strengths αR and αD by selecting the proper
orientation of magnetic field, because of the multivalued-
ness of inverse tangent function. Under such a condition,
Eq. (5) becomes the decoupled equation
i
∂
∂t
( u
v
) = [H0(x, t) − α2
2
+ g0σz]( uv ) for θ = φ, (6)
where σz is z component of the Pauli matrix. Equation
(6) can be regarded as a new two-level system of the
effective Hamiltonian Heff =H0 − α22 + g0σz.
After making the new function transformations u =
cu√
2
fu(x, t)ei(α2/2−g0)t, v = cv√
2
fv(x, t)ei(α2/2+g0)t with
cu and cv being the complex constants determined by
the normalization and initial conditions, the decoupled
Eq. (6) gives the time-dependent Schro¨dinger quation
i
∂fu(v)
∂t
= H0fu(v) of a driven harmonic oscillator with
the exact complete solutions being the orthonormal gen-
eralized coherent states [44, 45]
fu(v) = fnu(v) = Rnu(v)(x, t)eiΘnu(v) (x,t),
Θnu(v) = −(12 + nu(v))χ(t) + bu(v)2x + ρ˙2ρx2 + γu(v)(t),
Rnu(v) = (
√
c0√
π2nu(v)nu(v)!ρ
) 12Hnu(v)[ξu(v)]e− 12 ξ2u(v) , (7)
for nu, nv = 0,1,2, ... with Rnu(v)(x, t) and Θnu(v)(x, t)
being the real functions and Hnu(v)[ξu(v)] the Her-
mite polynomial of the space-time combined variable
ξu(v)(x, t) = √c0ρ(t)x − bu(v)1(t)ρ(t)√c0 . In Eq. (7), the real
functions ρ(t), χ(t), γu(v)(t), bu(v)1(t) and bu(v)2(t) have
the forms ρ(t) = √ϕ2
1
+ϕ2
2
, χ(t) = arctan(ϕ2
ϕ1
),
bu(v)1(t) = ǫρ2(t)[ϕ1(t) ∫ t0 ϕ2(τ) cos(Ωτ)dτ −
ϕ2(t) ∫ t0 ϕ1(τ) cos(Ωτ)dτ] + bu(v)1(0)ϕ1(t) +
bu(v)2(0)ϕ2(t), bu(v)2(t) =
ǫ
ρ2(t)[−ϕ1(t) ∫ t0 ϕ1(τ) cos(Ωτ)dτ −
ϕ2(t) ∫ t0 ϕ2(τ) cos(Ωτ)dτ] + bu(v)2(0)ϕ1(t) −
bu(v)1(0)ϕ2(t), γu(v)(t) = 12 ∫ t0 [b2u(v)1(τ) − b2u(v)2(τ)]dτ +
γu(v)(0). Here ϕ1,2(t) = A1,2 cos(t + B1,2) are the
real and imaginary parts of the solution to equation
ϕ¨ = −ϕ with oscillating frequency 1(ω), A1,2,B1,2
and c0 = ϕ1ϕ˙2 − ϕ2ϕ˙1 = A1A2 sin(B1 − B2) are
the initial constants. The initial constant sets
Su(v) = [γu(v)(0)], bu(v)1(0), bu(v)2(0),A1,2,B1,2] are
determined by the form of the initial states [45] and the
initial coherent states can be experimentally prepared
[8, 46]. Then the solutions fu(v) = fnu(nv)[Su(v), x, t] are
determined by the sets Su(v) for fixed quantum numbers
nu(v).
Applications of u and v to Eq. (4) result in new forms
of the exact complete solutions of Eq. (3) as
ψ±,lnunv(x, t) = 1√
2
e
i
2
(α2t∓φ−lπ)[cufnue−i(αx+g0t)
±cvfnvei(αx+g0t+lπ)]. (8)
In Eq. (8), the quantum numbers l, nu(v) are independent
of the parameters in system (1). The solutions fnu(nv)
of Eq. (7) can be the eigenstates of a harmonic oscilla-
tor for the undriven case with ǫ = 0 and the generalized
coherent states for any driving strength [44, 45], which
lead to different forms of Eq. (8) and the corresponding
rich physics. Clearly, for any nonzero function pair fu(v)
and nonzero constants α, g0, the solutions ψ+,lnunv(x, t)
and ψ−,lnunv(x, t) are linearly independent, so the super-
position state (2) is spin-orbit entangled. It is important
to note that in Eqs. (7) and (8), fnu(nv) depends only
on the ac driving and trapping field, and is independent
of the SOC, the static magnetic field and the quantum
number l. Therefore, we can conveniently manipulate the
quantum states (8) by independently adjusting the driv-
ing and the initial constants to select the exact solutions
of Eq. (7), and by independently tuning the SOC param-
eters α,φ and magnetic field parameter g0. Applying Eq.
(8) to Eq. (2) and noticing ψ±,lnunv(x, t) = ⟨x∣ψ±,lnunv ⟩,
4we arrive at the orthonormal complete set of the exact
superposition states,
∣ψlnunv ⟩ = 1√
2
[∣ψ+,lnunv ⟩∣ ↑⟩ + ∣ψ−,lnunv ⟩∣ ↓⟩]. (9)
By making use of the orthonormalization of fnu(nv) and
Eq. (7), the expected energy of the system reads [44]
Enunv(t) = i⟨ψlnunv ∣ ∂
∂t
∣ψlnunv ⟩
= −α
2
2
+ i
2
∫
∞
−∞
(∣cu∣2fnu ∂fnu
∂t
+ ∣cv ∣2fnv ∂fnv
∂t
)dx
= −α
2
2
− 1
2
∫
∞
−∞
(Θ˙nu ∣cu∣2R2nu + Θ˙nv ∣cv ∣2R2nv)dx. (10)
It is worth noting that the states of Eq. (8) depend on
the magnetic field strength and number l but the energy
of Eq. (10) is independent of g0 and l. Therefore, for
a given g0 and fixed quantum numbers nu, nv, different
l labels different degenerate states of Eq. (9) with the
density wave packets
∣ψ±,lnunv(x, t)∣2 = 12 [∣cu∣2R2nu + ∣cv ∣2R2nv ] ±Duv,
Duv(x, t) = ∣cucv ∣RnuRnv
× cos[Θnu −Θnv − 2(αx + g0t) − lπ + φ′], (11)
where constant φ′ is the phase difference, φ′ = arg cv −
arg cu, the term Duv(x, t) describes the phase coherence
with signs “±” implying different coherent effects for the
different motional states. The orthonormalization of Eq.
(7) means that the probabilities of the particle being in
spin states ∣ ↑⟩ and ∣ ↓⟩ obey P+,lnunv(t) + P−,lnunv(t) =
1
2 ∫ (∣cu∣2R2nu+∣cv ∣2R2nv)dx = 12(∣cu∣2+∣cv ∣2) = 1 which con-
fines the normalization constants. Therefore, the proba-
bilities of the particle occupying spin states ∣ ↑⟩ and ∣ ↓⟩
become P±(t) = 12 ∫ ∣ψ±(x, t)∣2dx = 12 [1 ± ∫ Duv(x, t)dx].
Given cu, cv, nu and nv, for a fixed l Eq. (11) contains
two different wave packets with the sign “+” or “−” re-
spectively, while for a fixed sign of “±” Eq. (11) also
contains only a pair of different wave packets ∣ψ±,lnunv ∣2
with even l or odd l respectively. Clearly, Eq. (11) shows∣ψ+,lnunv ∣2 = ∣ψ−,l′nunv ∣2 with l and l′ possessing different
odevity. Therefore, Eqs. (8) and (9) mean that ∣ψlnunv ⟩
and ∣ψl′nunv ⟩ are two different degenerate states associ-
ated with some interchanges of wave packets. The wave
packets ∣ψ+,lnunv ∣2 and ∣ψ−,lnunv ∣2 may be spatially sepa-
rated and centred at different positions, that means Eq.
(9) being a complete set of electronic Schro¨dinger kitten
states [46] which includes the degenerate ground states
with the smallest sum nu + nv of quantum numbers and
different initial constants. We will take some simple cases
to demonstrate that such degenerate ground states can
be identified as Majorana-like quasiparticles governed by
non-abelian statistics.
Let us extend the definition of a cat state at a se-
lected time (e.g. the initial time) with the macroscop-
ically separated wave packets [8] to the definition of a
“kitten state” with smaller maximal distance between
two wave packets [46], where ∣ ↑⟩ and ∣ ↓⟩ refer to the
internal states of an atom that has not and has radioac-
tively decayed, while the right and left wave packets refer
to the live , and dead / states of a kitten. We can for-
mally write a ground state of Eq. (9) as a Schro¨dinger
kitten state with even l as ∣ψlnunv ⟩ = 1√2(∣,⟩∣ ↑⟩+ ∣/⟩∣ ↓⟩).
Then its a degenerate ground state with odd l′ reads∣ψl′nunv ⟩ = 1√2(∣/⟩∣ ↑⟩ + ∣,⟩∣ ↓⟩) with exchange between
wave packets , and / or equivalent spin flip, which is of
a “ill kitten” transferring from near-dead to alive when
the atom has radioactively decayed. For a group of fixed
quantum numbers l, nu, nv we identify the wave pack-
ets ∣ψ+,lnunv(x, t)∣2 and ∣ψ−,lnunv(x, t)∣2 as Majorana-like
quasiparticle pair and will demonstrate that they obey
non-Abelian statistics. It is worth noting that the name
“Schro¨dinger kitten” of the superposition states is de-
termined only by the spatially separated norms of the
motional states at a selected time such that it can be
related to many kitten states distinguished by the dif-
ferent phases. The braiding operations for topological
quantum computation just are based on the transitions
among such degenerate kitten states. The degeneracy
of ground kitten states is not based on simple symmetry
consideration and is topological thereby. Particularly, for
some values of SOC strength the motional states of the
kittens and ill kittens may exist zero-density nodes simi-
lar to the planar vortex cores [22, 35] at which the phases
of states occur jumps with nonzero topological charges.
III. BRAIDING THE DEGENERATE
NON-ABELIAN QUASIPARTICLES
Firstly, let us take two simple examples with∣cu∣ = ∣cv ∣ = 1, nu = 0, nv = 0,1 and the ini-
tial constant set Su(v) = [γu(v)(0) = bu(v)2(0) =
0, bu1(0) = −bv1(0) = b0,A1 = A2 = A,B1 = 0,B2 =
−π/2] to demonstrate Non-Abelian statistics of the
Schro¨dinger kittens. These constants are associated
with ϕ1 = A cos t,ϕ2 = A sin t, ρ = c0 = A,χ =
t, ξu(v) = x − bu(v)1(t), bu1 = ǫ[cos t ∫ t0 sin τ cos(Ωτ)dτ −
sin t ∫ t0 cos τ cos(Ωτ)dτ]+ b0 cos t = bv1 +2b0 cos t, bu2(t) =
ǫ[− cos t ∫ t0 cos τ cos(Ωτ)dτ − sin t ∫ t0 sin τ cos(Ωτ)dτ] −
b0 sin t = bv2 − 2b0 sin t and R0u(x, t) = π−1/4e−ξ2u/2,
Θ0u(v)(x, t) = −( 12 + nu(v))t + bu(v)2x + γu(v)(t). Apply-
ing these constants and functions to Eqs. (7) and (8), we
obtain the explicit solutions
ψ±,l0nv(x, t) = π−
1
4√
2
e
i
2
[α2t∓φ−lπ−2(αx+g0t)+2Θ0u ]
× [e− 12 ξ2u ± Hnv(ξv)√
2nvnv!
ei(2αx+2g0t+lπ+Θ0v−Θ0u+φ
′)− 1
2
ξ2v].(12)
Here phase difference φ′ between cv and cu is adjusted
by the initial conditions governing the wave packets.
5Combining Eq. (12) with Eq. (11), we display the
spatiotemporal evolutions of the quasiparticle wave pack-
ets in Fig. 1 for the parameters α = 0.2, φ′ = 3, ǫ =
0.2,Ω = 2, nu = 0 and (a, b) g0 = 0.1, b0 = 1, nv = 0;
(c, d) g0 = 0.5, b0 = 0, nv = 1, where l = 0,1 is labelled as
the subscripts of states. We can see the complicated spa-
tiotemporal evolutions and the time periodicity as shown
in Fig. 1(a). In Fig. 1(b) we show the ill kitten state at
time t = 5.0(ω−1) and kitten state at time t = 13.8(ω−1)
with wave packets interchange. In both case, the two sep-
arated peaks have a distance in order of Lh =
√
h̵/(meω).
In the time interval t ∈ (5.0,13.8), there exist many pairs
of wave packets with different shapes. The same wave
packets will periodically appear and the corresponding
states may change their phases adjusted by the function
Θ0u(x, t), which are related to the field intensities α, g0
and frequency Ω. Particularly, the interchanges of integer
times make the norms of ψ±,001(x, t) back to the original
spatial distributions but their phases will evolve to dif-
ferent distributions. As a consequence, the quasiparticles
described by the wave packets are known as Non-Abelian
anyons. Thus we have demonstrated the Non-Abelian
characteristic of the Schro¨dinger kitten states.
For the case g0 = 0.5, b0 = 0, nv = 1, the simple func-
tion relations ξu = ξv,Θ0v −Θ0u = −2g0t and Hnv(ξv) =
2ξ(x, t) lead to simplification of Eq. (12). The asymmet-
rical spatiotemporal evolution of the quasiparticle wave
packets with distance betwee wave peaks being about
2Lh are clearly exhibited in Fig. 1(c) for ∣ψ±,001(x, t)∣2
with φ′ = 1.8 and the symmetrical evolution in Fig. 1(d)
for ∣ψ±,101(x, t)∣2 with φ′ = 3, in which no interchange of
the quasiparticles occurs.
Note that at any moment t0, the probabilities P±(t0) =
∫ ∣ψ±,001(x, t0)∣2dx of the electron being in different spin
states are equal to the areas between the wave packet
curves and the x axes. The spatial distributions in Fig.
1(b) mean that the symmetrical kitten and ill kitten
states have the same probability P±(5.0) = P±(13.8) = 12 .
Obviously, for some times Fig. 1(a) has asymmetrical
probability distributions to produce P+ ≪ P− or P− ≪ P+.
In Fig. 1(c) and 1(d), the different density distributions
are kept approximately for all times, meaning at any time
P−(t) < P+(t) in Fig. 1(c) and P−(t) ≈ P+(t) in Fig.
1(d). The asymmetrical superposition states similar to
Fig. 1(c), of course, can be used to construct a new
symmetrical superposition state according to the super-
position principle of quantum states.
The electrically manipulated braiding operations of the
degenerate ground states can be achieved by a field-
driven interchange of quasiparticles at an appropriate
time interval t ∈ [ti, tf ], by using the time-evolution op-
erator U(tf , ti) = e−iH(tf−ti) to act on the initial state∣ψlnunv(ti)⟩ which fits a stationary state of undriven sys-
tem. We switch on the ac electric field at ti and switch off
it at tf , creating a quantum transition between the initial
and final stationary states. Such stationary degenerate
ground states will be demonstrated in the next section.
For instance, starting at the initial time ti = 0, the oper-
ation time in Fig. 1(b) should be tf = 5ω−1 for obtaining
the ill kitten states, and the operation time for the quasi-
particle interchange to yield the kitten state should be
tf = 13.8ω−1. By selecting other operation times in Fig.
1(a) or taking the parameters of Fig. 1(c), we can create
the superposition states with larger probability in spin-up
or spin-down state. The braiding operation based on the
interchanges of the non-Abelian identical quasiparticles
may be insensitive to noise and perturbations, because
of the topologies of states. Such electrically controlling
quasiparticle interchanges can be performed locally for
any electron in an array of quantum-dot electrons [12].
The operation times for different electrons can be selected
to changes the state of the system in a way that depends
only on the order of the exchanges.
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FIG. 1: (Color online) Spatiotemporal evolutions of the quasi-
particle wave packets in (a, b) for the motional ground
states ψ±,000(x, t) and (c, d) for the first excitation states
ψ±,l01(x, t). Hereafter, the deep colour (online blue) or solid
curve is associated with sign “+” and the light colour (online
red) or dashed curve with sign “−”, and the right and left
wave packets in a plot are always labelled by the live , and
dead / respectively. When the packet ∣ψ+,000(x, t)∣
2 is local-
ized on right or left side, we called the superposition state
the Schro¨dinger kitten state [e.g. the state at t = 13.8 of Fig.
1(b)] or “ill kitten” state [e.g. the state at t = 5 of Fig. 1(b)].
The symmetrical probability densities in Fig. 1(b) mean the
same occupying probability of different spin states, and the
asymmetrical density distributions in Fig. 1(a) for the time
interval t ∈ (5.0,13.8) and in Figs. 1(c) for all times mean the
different occupying probabilities of the different spin states.
All the quantities plotted in the figures of this paper are di-
mensionless.
In order to increase the oscillating amplitudes of the
wave packets [8, 47] for creating more Schro¨dinger kit-
ten states, we can apply a π/2 pulse of Ramsey type
experiment to rotate the state vector (9) to the form
[52] ∣ψ′lnunv ⟩ = 1√2 [∣ψ′+,lnunv ⟩∣ ↑⟩ + ∣ψ′−,lnunv ⟩∣ ↓⟩] with
6∣ψ′±,lnunv ⟩ = 1√2(∣ψ+,lnunv ⟩ ± ∣ψ−,lnunv ⟩. Thus the prob-
ability amplitudes of the electron being in ∣ ↑⟩ and ∣ ↓⟩
become ψ′±,lnunv(x, t) = ⟨x∣ψ′±,lnunv ⟩ = 1√2 [ψ+,lnunv(x, t)±
ψ−,lnunv(x, t)]. Then applications of Eq. (8) with cu =
cv = 1 give
ψ′+,lnunv(x, t) = e i2 (α2t−lπ)[fnue−i(αx+g0t) cos φ2
−ifnvei(αx+g0t+lπ) sin φ2 ],
ψ′−,lnunv(x, t) = e i2 (α2t−lπ)[ − ifnue−i(αx+g0t) sin φ2
+fnvei(αx+g0t+lπ) cos φ2 ]. (13)
The corresponding quasiparticle wave packets are de-
scribed by the probability densities
∣ψ′+,lnunv(x, t)∣2 = [R2nu(x, t) cos2 φ2 +R2nv(x, t) sin2 φ2 ]
+ sinφ RnuRnv sin[Θnu −Θnv − 2(αx + g0t) − lπ],
∣ψ′−,lnunv(x, t)∣2 = [R2nu(x, t) sin2 φ2 +R2nv(x, t) cos2 φ2 ]
− sinφ RnuRnv sin[Θnu −Θnv − 2(αx + g0t) − lπ] (14)
which obey the normalization requirement ∣ψ′+,lnunv ∣2 +∣ψ′−,lnunv ∣2 = R2nu +R2nv . A careful calculation can prove
that such a rotation keep the expectation value of en-
ergy (10) and the independence of energy on the pa-
rameters φ and l. Therefore, ∣ψ′lnunv⟩ and ∣ψ′l′nunv ⟩ are
also two degenerate states with different ∣ψ′±,lnunv⟩ and∣ψ′±,l′nunv ⟩, while for a fixed l the magnetic angle trans-
formation from θ = φ to θ = φ + π causes state transi-
tion between two degenerate states with exchange be-
tween ψ′+,lnunv(x, t) and ψ′−,lnunv(x, t), meaning the spin
flip. We are interested in the exact ground state solution
ψ′±,l00(x, t) with nu = nv = l = 0. Adopting the param-
eters α = 0.1, g0 = 0.5, b0 = 3, ǫ = 0.2 and Ω = 2, from
Eq. (14) we plot the spatiotemporal evolutions of the
quasiparticle wave packets ∣ψ′±,000(x, t)∣2 for Fig. 2(a)
with φ = 0.1 and Fig. 2(b) with φ = 0.1 + π. The gov-
erning initial states is a kitten state as Fig. 2(a) or an
ill kitten state as Fig. 2(b). Comparing Fig. 2(a) with
Fig. 1(a), we find that as the increase of the initial con-
stant b0 from 1 to 3, the maximal distance between wave
packets is lengthened by a approximate factor 6, while
the constant b0 can be selected by preparing the initial
wave packets [8, 47]. Along the line x = 0, there are
some points where the wave packets overlap periodically
in time that enables periodic interchanges of wave packet
positions. In the exchange process of two maximally sep-
arated wave packets, we can create many different kitten
states with different distances between two wave pack-
ets, by switching off the ac field at different moments.
Then we adjust the magnetic angle from θ = φ = 0.1 to
θ = φ = 0.1 + π that brings wave packet exchanges be-
tween ∣ψ′+,000(x, t)∣2 and ∣ψ′−,000(x, t)∣2, as shown in Fig.
2(b). Such The magnetically controlling quasiparticle in-
terchanges can be performed simultaneously in a wide
range for an array of driven quantum-dot electrons.
FIG. 2: (Color online) Spatiotemporal evolutions of the quasi-
particle wave packets ∣ψ′±,000(x, t)∣
2 with a larger oscillating
amplitude. The wave packet pairs periodically oscillate start-
ing with a kitten state (a) or with an ill kitten state (b) respec-
tively. In an oscillating period, the electron can go through
many kitten and ill kitten states with different distances be-
tween wave packets, which can be extracted by electrical ma-
nipulation. While the transition from the state determined by
the initial kitten state (a) to the state determined by the ini-
tial ill kitten state (b) is manipulated by varying the magnetic
angle from θ = φ = 0.1 to θ = φ = 0.1 + pi.
IV. COHERENT CONTROL OF THE
STATIONARY DEGENERATE GROUND STATES
Now we seek the stationary Majorana-like ground
states of undriven case and focus in the coherent con-
trol of transitions between them by using the ac driv-
ing to perform the braiding operations based on inter-
changes of the quasiparticles. From Eq. (8) we know
that the stationary ground states with nu = nv = 0 can-
not exist, because of the magnetic phase ±g0t. How-
ever, we will prove that under the magnetic reso-
nance conditions [11, 13, 14] 2g0 = (nv − nu)(h̵ω), Eq.
(8) becomes the stationary states with time-independent
norms. In fact, in the case ǫ = 0, the initial constant set
Su(v) = [γu(v)(0), bu(v)1(0), bu(v)2(0),A1,A2,B1,B2] =[0,0,0,A,A,0,−π/2]makes the functions fu(v) of Eq. (7)
the usual eigenstates of a harmonic oscillator. Taking a
minimal resonance magnetic field with g0 = (nv −nu)/2 =
1/2 and inserting it into Eqs. (8) and (9) produces a set
of stationary Schro¨dinger kitten states, which contains
the degenerate ground states ∣ψl01⟩ with nu = 0, nv = 1
and the motional states of Eq. (12) as
ψ±,l01 = e
i
2
(α2t−2t∓φ−lπ)−iαx− 1
2
x2
π
1
4
√
2
(cu ± cv√2xei2αx+ilπ)(15)
for l = even and odd numbers respectively. In the case
cu = 1, cv = eiφ′ , Eq. (10) means that Eq. (15) becomes
a set of degenerate ground states.
Writing the phases of Eq. (15) as Φ± =
arg[ψ±,l01(x, t)], we have the time-independent phase
7gradients which contain some singular points for some
values of the parameters α and φ′. These singular points
are similar to the vertex cores at which the densities van-
ish and phases hop for the motional states. To simplify,
as an example, we consider only the ground states with
the phase gradients
Φ±,x = 4αx
2 ±√2[2αx cos(2αx + φ′) + sin(2αx + φ′)]
1 + 2x2 ± 2√2 x cos(2αx + φ′)
−α. (16)
Zero points of the denominator imply that for α =
1√
2
(nπ−φ′) > 0 with n = ±1,±2, ..., the singular points of
Φ±,x(x) are x± = ± 1√
2
, respectively. The required SOC
is adjusted by the phase difference φ′, and a usual zero
phase difference corresponds to stronger SOC. To see the
1D topological property of the degenerate ground states,
we can employ the analytic prolongation [53] Φ±,x(z) on
the complex plan z = x + iy to construct the circula-
tion integrals ∮Γ± Φ±,x(z)dz = 2πi × resΦ±,x(z±) = 2Nπ
for the topological charges N = 0,±1,±2, .... Here Γ± are
closed trajectories enclosing the poles z± = x± and the
res denotes the residues at the poles. Various topologi-
cally equivalent closed trajectories are allowable for any
one of the above circulation integral that reminds us the
emergence of the similar topologies with planar vortices.
The kitten states ∣ψl01⟩ with motional states of Eq.
(15) contain the maximally entangled state with the
probability P±,l01 = 12 ∫ ∣ψ±,l01(x, t)∣2dx = 12 for different
values of α and/or φ′. The degenerate first excitation
state reads ∣ψl12⟩ with nu = 1, nv = 2 for different l val-
ues. The corresponding eigenenergies are given by Eq.
(10) as E01 = (1 − 12α2)(h̵ω) and E12 = (2 − 12α2)(h̵ω).
The energy gap ∆E = E12−E01 = 1(h̵ω) is relatively great
compared to the perturbation level difference in Ref. [6].
The large energy gap may be important for performing
the fault tolerant topological quantum computation [22].
It is easy to create a usual quantum transition from
ground state ∣ψl01⟩ to excitation state ∣ψl12⟩ by using a
laser with resonance frequency to match the level dif-
ference ∆E. However, the topological quantum com-
putation needs the braiding operations to the different
degenerate ground states distinguished by the parame-
ters l and φ′. Although Eq. (15) contains many dif-
ferent ground states with symmetrical or asymmetrical
wave packets, we here consider only a simple example.
For the SOC strength value α = 0.1 from Eq. (15) with
cu = 1, cv = eiφ′ = ei3 we plot the density wave packets∣ψ±,001∣2 and ∣ψ±,101∣2, as shown in Fig. 3. According to
the definition of a kitten state, Fig. 3(a) with l = 0 is as-
sociated with an ill kitten state and Fig. 3(b) with l = 1
corresponds to its degenerate kitten state. The distance
between two packets is in units of
√
h̵/(meω) adjusted
by the gate voltages on the static electric gates. In Fig.
3(a) and 3(b) we also show that for a fixed SOC strength
the density wave packets obey ∣ψ+,001∣2 = ∣ψ−,101∣2 and∣ψ−,001∣2 = ∣ψ+,101∣2, and the former has the zero den-
sity nodes x+ = 1√
2
. This means that the interchanges
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FIG. 3: (Color online) The spatial distributions of wave pack-
ets associated with four stationary degenerate ground states:
(a) an ill kitten state with l = 0, φ′ = 3, α = 0.1, (b) a kitten
state with l = 1, φ′ = 3, α = 0.1, (c) an asymmetric ill kitten
state with l = 0, φ′ = 1.9, α = 0.1, and (d) a deformed kitten
state with l = 1, φ′ = 0, α = 2. Quantum transition between
these degenerate ground states can be electrically manipu-
lated.
of the wave packets with l = 0 to those with l = 1 im-
plies quantum transitions between the degenerate ground
states ∣ψ001⟩ and ∣ψ101⟩. In Fig. 3(c) and 3(d), we show
that the height, width, symmetry and rich deformations
of the wave-packet pairs and the distance between two
packets of any pair are tuned by the SOC strength and
the phase difference.
Controlling transitions between stationary ground
states. As shown in Figs. 1(a) and 2(a), in an oscillating
period of the wave packets, the electron can experience
many kitten and ill kitten states with different heights,
widths, symmetry of wave packets and distances between
them. Therefore, starting with any one of the states in
Fig. 3 with the same parameters, we can switch on the ac
field to drive the wave packets, then switch off the driving
at a suitable time tf for transferring the state to another
of Fig. 3. The accumulated phase in the driving pro-
cess can be fitted by the phases of complex numbers cu
and cv in Eq. (15). Combining the electric and magnetic
manipulation shown in Fig. 1, we can control the quan-
tum transitions between different pairs of the stationary
degenerate ground states. In addition, we can easily illus-
trate that the transitions between the degenerate ground
states are robust and insensitive to various perturbations.
For instance, when we vary the parameters in the ranges
α = 0.1 ± 0.1 and φ′ = 3 ± 0.1, the produced wave packets
have only very small deformations from Fig. 3(a) and
3(b). Moreover, when the operation time tf is taken in
a small interval, the extracted wave packets from Figs.
1 and 2 are similar. Such manipulations may be useful
for braiding the degenerate non-Abelian quasiparticles to
realize topological quantum gates.
8V. CONCLUSIONS AND DISCUSSIONS
We have investigated a single spin-orbit coupled
quantum-dot electron, subject to an ac electric field. Un-
der the magnetism- and SOC-dependent phase-locked
condition, we derive a set of complete solutions of
Schro¨dinger equation with arbitrary constants adjusted
by the initial conditions, which describes a complete set
of Schro¨dinger kitten states and contains some novel de-
generate ground states with oscillating wave packets. In
the undriven case, pairs of stationary wave packets of
degenerate ground states are constructed. The degener-
acy is not based on simple symmetry consideration and
is topological thereby. We identify such wave packets as
Majorana-like quasiparticles and demonstrate that they
obey non-Abelian statistics and behave as electroneu-
trality without Coulomb interaction between them. The
braiding operations based on the interchanges of the de-
generate non-Abelian quasiparticles with one wavepacket
going through another are shown, which shift the system
between different ground states. The exact results can be
directly extended to the 2D quantum-dot-electron system
with SOC Hamiltonian [11] HSO = (αRσy − αDσx)px +(αDσy − αRσx)py for the special case αD = αR in which
the 2D Hamiltonian possesses invariance in exchange be-
tween x and y that will results in novel planar vortex
states and 2D strip states [54]. Treating the exact so-
lutions as leading-order solutions, the obtained results
could be directly extended to an array of electrons sep-
arated from each other by different 2D quantum dots
with weak neighboring coupling as perturbation for topo-
logical quantum computation. The braiding operations
based on the interchanges of the non-Abelian identical
quasiparticles may be insensitive to perturbations and
weak noise from the environment. The operation can be
performed individually for any one of the quantum-dot
electrons [12]. The operation times for different electrons
can be selected to changes the state of the system in a way
that depends only on the order of the exchanges. The
quantum operations can be performed adiabatically by
reducing the driving frequency or ultrafast by applying
an array of ultrashort laser pules to replace the periodic
driving in Eq. (1) [45, 55].
In a tight-binding approximate system, the Majorana
quasiparticles are localized at some spatially separated
positions with a certain probability at any time and their
interchange is accompanied by the perfectly predictable
time evolution of their wavefunctions in Hilbert space.
Differing from that, our Majorana kitten-particles peri-
odically separate and overlap in continuous coordinate
space and the spatiotemporal evolution of the exact so-
lution governs the quasiparticle interchange with non-
Abelian statistics. Our results exactly reveal the coher-
ent control of a qubit in a 1D solid-state electronic sys-
tem, which could be fundamental important for designing
solid-state quantum circuits [12]. To do useful computa-
tions, one needs to create many Majorana-like particles,
and to develop the ability to move their spins [33]. We
can propose an implementation of qubit gates for topo-
logical quantum computation using the spin states of cou-
pled single-electron quantum dots. Desired braiding op-
erations are effected by the gating of the tunneling bar-
rier between neighboring dots. Arrays of quantum dots
of the type developed by D. Loss and D. P. DiVincenzo
[12] could support our scheme.
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